In this paper, we analyze the structural properties of Z = 132 and Z = 138 superheavy nuclei within the ambit of axially deformed relativistic mean-field framework with NL3 * parametrization and calculate the total binding energies, radii, quadrupole deformation parameter, separation energies, density distributions. We also investigate the phenomenon of shape coexistence by performing the calculations for prolate, oblate and spherical configurations. For clear presentation of nucleon distributions, the twodimensional contour representation of individual nucleon density and total matter density has been made. Further, a competition between possible decay modes such as α-decay, β-decay and spontaneous fission of the isotopic chain of superheavy nuclei with Z = 132 within the range 312 ≤ A ≤ 392 and 318 ≤ A ≤ 398 for Z = 138 is systematically analyzed within self-consistent relativistic mean field model. From our analysis, we inferred that the α-decay and spontaneous fission are the principal modes of decay in majority of the isotopes of superheavy nuclei under investigation apart from β decay as dominant mode of decay in 318−322 138 isotopes.
Introduction
The quest for searching the limits on nuclear mass and charge in superheavy valley, which is still a largely unexplored area of research in nuclear physics, has been an intriguing endeavour for nuclear physics community from past several decades. In otherwords, the discovery of new elements with atomic number Z > 102 in the laboratory is being pursued with great vigour nowadays. The existence of superheavy nuclei (SHN) is the result of the interplay of the attractive nuclear force and the disruptive Coulomb repulsion between protons that favours fission. In principle, for SHN the shape of the classical nuclear droplet which is governed by surface tension and coulomb repulsion is unable to withstand the surface distortions making these nuclei susceptible to spontaneous fission. Thus, the stability of superheavy elements has become a longstanding fundamental nuclear science problem. Some of the topical issues that the nuclear physics community is looking to address in the superheavy regime of the nuclear chart are: how a nucleus with a large atomic number, such as Z = 112, survives the huge electrostatic repulsion between the protons, its physical and chemical properties, the extent of the superheavy region, i.e., to find an upper limit on the number of neutrons and protons that can be bound into one cluster, and the existence of very longlived superheavy nuclei. Theoretically, the mere existence of the heaviest elements with Z > 102 is entirely due to quantal shell effects. However, in the midsixties, with the invention of the shell-correction method, it was established that long-lived superheavy elements (SHE) with very large atomic numbers could exist due to the strong shell stabilization [1, 2, 3, 4, 5] . By incorporating shell effects, it shall be quite interesting to explore the regions in (Z, N) plane where long-lived superheavy nuclei might be expected. Exploration of (Z, N) plane in superheavy valley is driven by the understanding of not only the nuclear structure but also the structure of stars and the evolution of universe. Pursuing this line of thought, the pioneering work on superheavy elements was performed in 1960s [1, 3, 4, 5] and such studies were quite successful in reproducing the already known half-lives by employing macroscopicmicroscopic method (Nilsson-Strutinsky approach) with the folded-Yukawa deformed single-particle potential [6] and with the Woods-Saxon deformed single-particle potential [7, 8, 9] . Further, the outcome of these exhaustive investigations led to the understanding that the valley of superheavy nuclei is separated in proton and neutron number from known heavy elements by a region of much higher instability. In addition, several theoretical models which come under the aegis of macro-micro method like the fission model [10] , cluster model [11] , the density dependent M3Y(DDM3Y) effective model [12] , the generalized liquid drop model (GLDM) [13] etc and self-consistent models like the relativistic mean field (RMF) theory [14] , Skyrme Hatree-Fock (SHF) model [15] etc proved to be an effective tool for the successful description of α decay from heavy and SHN.
From the past three decades, the experimentalists have launched an expedition for predicting the 'island of superheavy elements', a region of increasing stable nuclei around Z = 114, which has led to a burst of activity in the superheavy regime. The synthesis of SHN in laboratory is accomplished by fusion of heavy nuclei above the barrier [16] . The two main processes employed for the synthesis of SHN are cold fusion performed mainly at GSI, Darmstadt and RIKEN Japan and hot fusion reactions performed at JINR-FLNR, Dubna. Until now, SHN with Z ≤ 118 have been synthesized in the laboratory. The elements with Z = 110, 111 and 112 were produced in the experiments carried out at GSI [17, 18, 19, 20, 21] . The fusion cross section was extremely small in production of Z = 112 nucleus which led to the conclusion that the formation of further heavier elements would be very difficult by this process. The element with Z = 113 was identified at RIKEN, Japan [22, 23] using cold fusion reaction with a very low cross section ∼0.03 pb thus confirming the limitation of cold-fusion technique. The synthesis of Z = 113 − 118 was performed successfully by the experimentalists from joint collaboration of JINR-FLNR, Dubna and Lawrence Liverpool National Laboratory along with an unsuccessful attempt on the production of Z = 120 through hot fusion technique [24, 25, 26, 27] . The isotopes of elements Z =112, 114, 116 and 118 were identified in fusion-evaporation reactions at low excitation energies by irradiation of 233,238 U, 242 Pu, 248 Cm and 248 Cf with 48 Ca beams [28] . The element Z = 118 and its immediate decay product, element with Z = 116, were produced at Berkeley Lab's 88 inch cyclotron by bombarding targets of lead with an intense beam of high-energy krypton ions. The element 270 Hs with Z = 108 and N = 162 was synthesized by Dvorak et al. [29] by 26 Mg + 248 Cm reaction. Although the advancement in the accelerator facilities and the nuclear beam technologies have pushed the frontiers of nuclear chart especially in the superheavy region upto a great extent except for an attempt [30] to produce Z = 120 superheavy nuclei through the reaction 244 Pu + 58 Fe, there has been until now no evidence for the production of nuclei with Z > 118. The short life times and the low production cross sections observed in fusion evaporation residues often increases the difficulty in synthesis of new superheavy nuclei and are posing a major difficulty to both theoreticians and experimentalists in understanding the various properties of superheavy nuclei.
Superheavy nuclei and their decay properties is one of the fastest growing fields in nuclear science nowadays. The discovery of alpha decay by Becquerel in 1896 and subsequently the alpha theory of decay proposed by Gamow, Condon and Gurnay in 1928 has ushered a new era in nuclear science. Quantum mechanically, α-decay occurs in heavy and superheavy nuclei by a tunnelling process through a coulomb barrier which is classically forbidden. The alpha decay [31, 32, 33, 34, 35, 13] of the SHN is possible only if the shell effect supplies the extra binding energy and increases the barrier height of the fission. Thus, the beta stable nuclei with relatively longer half-life for spontaneous fission than that of alpha decay indicate that the dominant decay mode for such a superheavy nucleus might be alpha decay. It is worth mentioning here that the α-decay is not the only mode of decay found in heavy nuclei but there is wealth of literature for β-decay, spontaneous fission (SF) and cluster decay also for such nuclei [36, 37, 38, 39, 40, 41, 42, 43, 44] . Generally, alpha decay occurs in heavy and superheavy nuclei while as beta decay can occur throughout the periodic chart. The understanding of spontaneous fission and alpha decay on superheavy nuclei is rather more important than beta decay because the SHN with relative small alpha decay half-lives compared to SF half-lives will survive the fission and thus can be observed in the laboratory through alpha decay. Hence, the α-decay plays an indispensable role in the identification of new superheavy elements. Besides this, it has also been predicted that beta decay may play an important role for some of the superheavy nuclei [45] . However, β-decay proceeds through a weak interaction, the process is slow and less favoured compared to SF and alpha decay.
It is worth mentioning that the alpha decay and spontaneous fission are the main decay modes for both heavy and superheavy nuclei with Z > 92. Where, spontaneous fission acts as the limiting factor that decides the stability of superheavy nuclei and hence puts a limit on the number of chemical elements that can exist. It was Bohr and Wheeler [46] in 1939 who predicted and described the mechanism of spontaneous fission process on the basis of liquid drop model and established a limit of Z 2 A ≈ 48, beyond which nuclei are unstable against spontaneous fission, and later in 1940, Flerov et. al. [47] observed this phenomenon in 235 U. This was followed by the several empirical formulas being proposed by various authors for calculating the half lives in spontaneous fission and the first attempt in this direction was made by Swiatecki [48] who proposed a semi-empirical formula for spontaneous fission. Further, Ren et. al. [49, 50] proposed a phenomenological formula for calculating the spontaneous fission half-lives, and recently Xu et. al. [51] generalized an empirical formula for spontaneous fission half-lives of even-even nuclei. Here, in present manuscript, within the structural studies we made an attempt to look for the competition among various possible modes of decay such as α-decay, β-decay and SF of the isotopes of Z = 132 and Z = 138 superheavy elements with a neutron range 180 ≤ N ≤ 260 and predict the possible modes of decay. The contents of the manuscript are organized as follows. The framework of relativistic mean-field formalism is outlined in section two. The results and discussion is presented in section three. Finally, section four contains the main summary and conclusions of this work.
Theoretical Formalism
From last few decades, the RMF theory has achieved a great success in describing many of the nuclear phenomena. Over the non-relativistic case, it is quite better to reproduce the structural properties of nuclei throughout the periodic table [52, 53, 54, 55, 56] near or far from the stability lines including superheavy region [57] . The starting point of the RMF theory is the basic Lagrangian containing nucleons interacting with σ−, ω− and ρ−meson fields. The photon field A µ is included to take care of the Coulomb interaction of protons. The relativistic mean field Lagrangian density is expressed as [52, 53, 54, 55, 56] ,
Here M, m σ , m ω and m ρ are the masses for nucleon, σ-, ω-and ρ-mesons and ψ is its Dirac spinor. The field for the σ-meson is denoted by σ, ω-meson by V µ and ρ-meson by R µ . g s , g ω , g ρ and e 2 /4π=1/137 are the coupling constants for the σ, ω, ρ-mesons and photon respectively.g 2 and g 3 are the self-interaction coupling constants for σ mesons. By using the classical variational principle, we obtain the field equations for the nucleons and mesons.
The Dirac equation for the nucleons is written by
The effective mass of the nucleon is
and the vector potential is 
where R = 1.2A 1/3 . The total energy of the system is given by (10) where E part is the sum of the single particle energies of the nucleons and E σ , E ω , E ρ , E c , E pair , E cm are the contributions of the meson fields, the Coulomb field, pairing energy and the center-of-mass energy, respectively. In present calculations, we use the constant gap BCS approximation to take care of pairing interaction [58] . We use non-linear NL3* parameter set [59] throughout the calculations.
Results and discussions
In this paper, we performed self-consistent relativistic mean field calculations by employing NL3
* for calculating the binding energy, radii and quadrupole deformation β 2 for three different shape configurations. In Refs. [60, 61] To analyze the structural properties of these isotopes, we made an attempt using deformed RMF calculations. It is well known that the superheavy nuclei are identified by α-decay in the laboratory followed by spontaneous fission. Therefore, to predict the possible mode of decay for the considered range of nuclides we make an investigation to analyze the competition between α-decay, β-decay and spontaneous fission which is considered to be central theme of the paper. The results are explained in subsections 3.1 to 3.6.
Selection of basis space
The RMF Lagrangian is used to obtain Dirac equation for Fermions and the Klein-Gordon equations for Bosons using state-of the art variational approach in a self-consistent manner. Further, these equations are solved in an axially deformed harmonic oscillator basis N F and N B for Fermionic and Bosonic wavefunction, respectively. For superheavy nuclei, a large number of basis space N F and N B is needed to get a convergent solution. and 0.6 MeV for 312 132 and 380 132 respectively with a change of N F = N B from 18 to 20. Therefore, the present calculations dictate that the optimal basis sets to be chosen is N F = N B = 20 which is well within the convergence limits of the current RMF models.
Binding energy, radii and quadrupole deformation parameter
The calculated binding energy, radii and the quadrupole deformation parameter for the isotopic chains 312−392 132and 318−398 138 are given in Tables 1 -4 tivistic mean field formalism. It is important to mention here that maximum binding energy corresponds to the ground state energy and all other solutions are the intrinsic excited state configurations. Proceeding along these lines, we found prolate as a ground state for most of the cases. As the experimental binding energies for these superheavy isotopic chains are not available, in order to provide some validity to the predictive power of our calculations a comparison of binding energies of our calculations with those obtained from finite range droplet model (FRDM) [6] is made wherever available and close agreement is found. The calculated quadrupole deformation parameter from RMF and the values obtained from FRDM [6] predict the ground state of the considered isotopic chains to be prolate however there is a difference in magnitude as indicated in Table 1 as well as in Fig. 2 . The radii monotonically increases with increasing number of neutrons. In general, the calculated binding energies are in good agreement with those of the FRDM values wherever available. 
Separation energy
The separation energy is an important observable in identifying the signature of magic numbers in nuclei. The magic numbers in nuclei are characterized by large shell gaps in their single-particle energy levels. This implies that the nucleons occupying the lower energy level have comparatively large value of energy than those nucleons occupying the higher energy levels, giving rise to more stability. The extra stability attributed to certain numbers can be predicted from the sudden fall in neutron separation energy. Two-neutron separation energy is more interesting which takes care of even-odd effects. The one and two-neutron separation energy is calculated by the difference in binding energies of two isotopes using the relations
One-and two-neutron separation energy (S n and S 2n ) for the considered isotopic series of the nuclei 312−392 132 and 318−398 138 are shown in Figure 4 . No sudden fall of the separation energies is observed for both the cases which indicates that as such no neutron magic behaviour within this force parameter is noticed. 
Shape Coexistence
One of the remarkable properties of nuclear quantum many body systems is its ability to minimize its energy by assuming different shapes at the cost of relatively small energy compared to its total binding energy. Generally, the [62, 63, 64] . This phenomenon is more common in superheavy region giving rise to complex structures in these nuclei and thus enriching our understanding of the oscillations occurring between two or three existing shapes. In the isotopic chains discussed here in the paper, we have come across many examples where the ground and first excited binding energies are degenerate. In the isotopic chain of 180−260 132, we noticed the co-existence of shape (oblateprolate, oblate-spherical) for 373−387 132 and 389−396 132 isotopes as shown in Fig. 5 . In present analysis, we consider a binding energy difference less or equal to 2 MeV for marking the shape co-existence. Due to this small binding energy difference the ground-state can change to low-lying excited state or vice verse by making a small change in the input parameters like the pairing energy. The shape coexistence in nuclei indicates the competition between the different shape configurations differing from each other by a small amount in binding energy so as to acquire the ground state energy with maximum stability and the final shape could be a superposition of these low-lying bands. Further, in the isotopic chain of 180−260 138, we noticed the shape co-existence (oblate-spherical) for 379−381 138 and 385−394 138 as shown in Fig. 5 . Thus present analysis reveals that some of the nuclei of considered isotopic chain oscillate oblate-spherical as well as oblate-prolate and vice-verse.
Density distribution
Density distribution provides a detailed information regarding the distribution of nucleons for identifying central depletion in density, long tails and clusters in density plots. These features are known by bubble, halo and cluster structures of the nuclei and may be observed in light to superheavy nuclei [65, 66, 67, 68, 69, 70] . Here, we have plotted the density profile for neutron, proton and total matter (neutron plus proton) for some of the predicted closed shell nuclei [60, 61] big hump at mid of the centre and the surface. To reveal such type of distribution and to gain an insight into the arrangement of nucleons, we make two-dimensional contour plots for 360 132 and 370 132 with three different shape configurations as given in Figs. 8 and 9 . Figures 6 and 8 reflect that the hollow region at the centre is spread over the radius of 1 − 3 fm. This may suggest that these nuclei might have fullerene type structure and cluster of neutron and alpha-particle might be possibly within these types of nuclei. The full black contour refers to maximum density and full white ones to zero density region. It is apparent from figure 8 that the central portion of total matter density distribution in 360 132 within spherical configuration is less dense than the peripheral region which can be interpreted as a thin gas of nucleons being surrounded by a thik sheath of nucleon (high density) giving rise to a bubble-type structure. The individual neutron and proton density distributions also support the same bubble like structure within this shape configuration. We witnessed a cluster type structure in total matter density distribution for oblate, spherical and prolate shape configurations. For the case of 370 132 (Fig 9) , the two dimensional contour representation reveals that the total proton density distribution assumes a cluster shape for oblate and prolate configurations with β 2 = −0.25, 0.14 respectively. Whereas in case of spherical and prolate cases, the proton and total matter density distribution appears to be as bubble type, respectively. We noticed a semi-bubble like structure for the total nucleonic density distribution within the spherical case. The neutron density distribution plot for the oblate shape configuration appears to be spindle shaped with prominent flaps/bulges. Further, inspection reveals that the central part (r = 0 fm) is considerably populated in proton density distribution but the depopulation is noticed at r = 1 to r = 3 fm and further a large population in proton density distribution beyond 3 fm is evident that goes to zero at the surface. 
Decay-energy and half-life
In order to predict the modes of decay of the considered nuclides, the α-decay, β-decay and SF half-lives shall be computed using various empirical formulas and their comparison of life-time shall predict the dominant mode of decay. To analyze the dominant mode of decay(alpha), the alpha decay half-lives are estimated using various empirical formulas such as Viola-Seaborg (VSS) [71] , generalized liquid drop model (GLDM) [72] , Brown [73] , Royer [74] , NI et al. [75] . Spontaneous fission half-lives are computed using the semi-empirical formula of Ren and Xu [76] and made a comparison with alpha decay half lives to predict a possible decay mode of considered nuclides. The beta decay half-lives are estimated using empirical formulas of Fiset and Nix [77] . Table 5 . Decay energies and half-lives of α, β and spontaneous fission for Z = 132 isotopic chains. 
Alpha decay
A significant advancement has been made for estimating the alpha decay half-lives since the earliest formulation of Geiger and Nuttal [78] . The calculation of α decay half life T requires the Q α as input. The knowledge of Q α of a nucleus gives a valuable information about its stability. The estimation of Q α is done by knowing the binding energies of the parent and daughter nuclei and binding energy of the 4 He. The binding energies are calculated using the versatile and powerful framework of relativistic mean-field theory. The Q α energy is estimated using the relation
(12) Here, BE(N, Z), BE(N − 2, Z − 2), and BE(2, 2) are the binding energies of the parent, daughter and 4 He (BE = 28.296 MeV [79] ) with neutron number N and proton number Z. With the even-even values available at hand, the alpha decay half-life of the isotopic chain under study is estimated by Viola-Seaborg semi-empirical relation
The values of the parameters a, b, c and d are taken from the recent modified parametrizations of Sobiczewski et al [8] , which are a = 1.66175, b = 8.5166, c = 0.20, d = 33.9069. The h log is the hindrance factor which takes into account the hindrance associated with odd proton and neutron numbers as given by Viola and Seaborg
The Q α values obtained from RMF calculations are listed in the Tables 5 -8 . There are also several phenomenological formulas available in the literature for calculating the (sec) = 9.54(Z − 2) 0.6 / Q α − 51.37 (15) where Z is the atomic number of parent nucleus and Q α is in MeV. Another formula proposed by Dasgupta-Schubert and Reyes [72] based on generalized liquid drop model and obtained by fitting the experimental half-lives for 373 alpha emitters for determining the half-lives of superheavy nuclei is given as 
In Ref. [75] Ni et. al. proposed a unified formula for determining the half-lives in alpha decay and cluster radioactivity. The formula for alpha decay is written as
Where, a, b, c are the constants and µ is define as 4(A-4)/A. Recently, Royer estimated the potential energy during α emission within liquid drop model including the proximity effects between α particle and the daughter nucleus and the α decay half-lives were calculated from the WKB barrier penetration probability analogous to asymmetric spontaneous fission. The theoretical predictions for half-life for heavy and superheavy nuclei by employing a fitting procedure to a set of 373 alpha emitters was developed by Royer [74] with an RMS derivation of 0.42, given as log 10 T 1/2 (sec) = −26.06−1.114A
where A and Z represent respectively the mass number and charge number of the parent nuclei and Q α represents the energy released during the reaction. Assuming a similar dependence on A, Z and Q α , the above equation was reformulated for a subset of 131 even-even nuclei and a relation was obtained with a RMS derivation of only 0.285, given, as
For a subset of 106 even-odd nuclei, the relation given by was further modified with an RMS derivation of 0.39, and is given as,
A similar reformulation was performed for the equation for a subset of 86 odd-even nuclei and 50 odd-odd nuclei.
Beta decay
Beta decay is also a very important decay mode for protonrich and neutron-rich nuclei. Fermi theory of β decay involves electron-neutrino interaction, which describes the beta transition rates according to log(ft) values. We employed the empirical formula of Fiset and Nix [77] for estimating the half-lives of the isotopic chain under study and is given as
In an analogous way to α decay, we evaluate the Q β value using the relation Q β = BE(Z + 1, A) − B(Z, A) and W β = Q β +m e Here, ρ d.o.s. is the average density of states in the daughter nucleus (e −A/290 × number of states within 1 MeV of ground state).
Spontaneous Fission
The determination of spontaneous half-lives helps in identifying the long lived superheavy elements and mode of decay of heavy and superheavy nuclei. Several empirical formulas have been proposed by various authors from time to time for determining the spontaneous fission half-lives. In our calculations, we employed the phenomenological formula proposed by Ren and Xu [76] and is given by
Where, Z, N, A represent the proton, neutron and mass number of parent nuclei. C1, C2, C3, C4 are the empirical constants and ν is the seniority term which takes care of blocking effect of unpaired nucleons on the transfer of many nucleon pairs during the fission process. Our study on modes of decay highlights the range of isotopes which survive fission and thus decay through alpha emission. Alpha and beta decay energies, Q α , Q β estimated by RMF binding energy is in quite agreement with FRDM data as given in Table 5 . However, calculated halflives by RMF do not match well with FRDM values. This is why because T α ∝ 10 Tables 5 -8 and a good agreement among them as well as with macro-microscopic data is noticed. To check the possibility of β-decay empirical Fiset and Nix formula is employed to calculate the β-decay halflife for the considered isotopic chain and the results are given in Tables 5 -8 . The beta decay half-lives are found to be very large than alpha decay as well as spontaneous fission half-lives and hence there is no possibility of mode Tables and Figure, the analysis predicts that the isotopes of Z = 132 with a mass range 312 ≤ A ≤ 329 survive the fission and may observed through alpha decay and those nuclei beyond A > 329 do not survive the fission and hence completely undergo spontaneous fission. For Z = 138, the nuclides with a mass range 323 ≤ A ≤ 344 survive the fission and observed through alpha decay in the laboratory while the nuclei beyond A > 344 do not survive fission and end with spontaneous fission. In the first five isotopes 318−322 138, beta decay is the dominant mode of decay. Therefore, the present study reveals that alpha decay and spontaneous fission are the principal modes of decay of majority of the considered nuclides with beta decay as the principal mode of decay in first five isotopes of Z = 138.
Summary
We calculated the structural properties of Z = 132, 138 superheavy nuclei with a range of neutron N = 180 − 260 within axially deformed relativistic mean field theory. The calculations are performed for prolate, oblate and spherical configurations in which prolate is suggested to be ground state. The results produced by RMF are in good agreement with FRDM data. Density distribution has been made to explain the special features of the nuclei such as bubble structure or halo structure. Bubble structure is seen for some of the cases of the nuclei. To make the clear presentation of nucleon distribution for some of the selected nuclei, the two-dimensional contour plot of density has been made by which cluster and bubble type structure is revealed. Further, the predictions of possible modes of decay such as alpha decay, beta decay and spontaneous fission of the isotopes of Z = 132 and Z = 138 in the neutron range 180 ≤ N ≤ 260 have been done within self-consistent model. The calculation of half-lives computed using Viola-Seaborg, GLDM, Brown, Royer and Ni et. al., show good agreement with each other as well as with macro-microscopic FRDM data. All the physical observables calculated by RMF are found in good agreement with FRDM data. Also, the extensive study on beta decay half-lives and SF half-lives of the considered isotopic chain under investigations been made to identify the mode of the decay of these isotopes. The study reveals that the isotopes of Z = 132 that fall within the mass range 312 ≤ A ≤ 329 undergoes alpha decay and those with mass number A > 329 do not survive fission and hence completely undergoes spontaneous fission. For Z = 138, the alpha decay occurs within the isotopic mass chain 318 ≤ A ≤ 344 and the isotopes beyond A > 344 the mass range do not survive fission and end up with spontaneous fission. The present analysis reveals that α-decay and SF are the principal modes of decay in majority of the isotopes of superheavy nuclei under study in addition to β decay being the principal mode of decay in 318−322 138 isotopes. Hence, we hope that present theoretical predictions on possible decay modes of Z = 132, 138 superheavy nuclei might pave the way to help and guide the experimentalists in future for the synthesis of new superheavy isotopes.
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